Variational Approach To Shape Derivatives

Contents

Scientific Seminar In Applied Mathematics

Michael Kniely
Winter Term 2011

{1 General Sett

ing and Preliminaries|

2 Axiomatic D

escription and Auxiliary Results|

|3 The Shape Derivative|

4 An Example]
[References|

Supervisor: O.Univ.-Prof. Dipl.-Ing. Dr.techn. MA Karl Kunisch
Institute for Mathematics and Scientific Computing
University of Graz

19

21



1 General Setting and Preliminaries

This seminar paper is intended to work out in detail the concept of shape derivatives, which is presented
in the paper of [IKPa]. The ideas and results discussed in the following are mainly based on this work.
The main task of this paper is to investigate the shape differentiability of the functional

)= [ wds+ [ s+ [ s (1)

DO\

subject to

E(u,Q) =0. (2)
Here, we impose the following assumptions on the cost functional J and the constraint E. For this case,
let U C R be a fixed bounded domain with C*!-boundary U and D C U be a domain such that

D c U. Moreover, D is supposed to have a C'!-boundary I' := 0D too. For the domain Q C U, the
following three cases are admissible

(a) Q=D
(b) @=U,
(c) Q=U\D.

Furthermore, E(u,{2) stands for the weak formulation of a partial differential equation stated on the
domain €2, which defines the state u : Q — R!, [ € N>1, of the considered system.

Nevertheless, one could also work with a domain U C R?, which is convex but has only a Lipschitzean
boundary 0U. We will see in the following that it is not essential to restrict oneself to a certain type of
the domain U; however, it will be cleary mentionned if the additional C'**-regularity is necessary at some
point. Besides, it is also possible to use a different constraint E(u,2) instead of a partial differential
equation, e.g. an integral equation or an explicit formula for the state u. At the beginning of the next
section, we will axiomatize the properties of the admissible constraints.

Remark 1.1. In the situation of case (a), we have 9Q = 0D =T, in case (b), 92 = OU and for case
(¢), one finds 9Q = 9(CN) = (CUUD) =0(CU)UID =0U UdD =T UIU.

In order to study the shape differentiability of J, we are interested in the dependence of J on the
domain €. Hence, we define certain mappings, which ”slightly deform” the domain €2 into a different
domain, and compare the values of J for these two different domains. The mappings, which are used
here to realize such ”deformations”, are so called perturbations of identity.

Definition 1.2. For h € CHY(U,R?), hlspy = 0 and t € R define F; : U — R? via F; := id + th.

Proposition 1.3. There exists a T > 0 such that F,(U) = U and F} is a C'-diffeomorphism on U for
all t € R with |t| < 7.

Proof. 1. F1(U) C U: Let & € U, then dist(xz,dU) > 0. Since OU is compact, there exists a z¢g € OU
such that ||z — z¢|l2 = dist(z,0U). Using an estimate for vector-valued functions related to the
mean-value-theorem for scalar-valued functions we find

[Fi(z) — zl[2 = [t][[a(2)]l2 = [t||h(z) — h(zo)|l2 < [t{Milz — 2oll2 < [l — zoll2 = dist(z, OU)
if |[t| < M;!. Thus, Fy(x) € U for all t € R satisfying |t| < M;!.

2. DF; is regular on U: At first, we show that || Dh|| is bounded on U. Choose xg € U arbitrarily, then,
due to the boundedness of U and the Lipschitz-continuity of Dh, there exist constants K, L > 0
such that for all x € U, ||[Dh(z)|| < ||Dh(xz) — Dh(zo)| + || Dh(zo)|| < L|jz — xol| + ||Dh(x0)|| <
KL + ||Dh(zg)||, which shows this first claim. Now, let + € U. Then there exists a constant
C € (0,1) such that

I = DFy(z)]| = [t][| Dh(2)]| < C <1
for all ¢ € R with [¢t| < My ', where My := sup, .|| Dh(z)|| + 1. Thus, DF; is regular for all z € U
if
t| < 7 :=min(M; ", My ). (3)



3. F, is injective: Let t € R, [t| < 7, x,y € U and Fy(z) = Fi(y), then ||z — y|| = [¢]||h(z) — h(y)]
If [x,y] C U, then we find [|h(z) — h(y)|| < M|jx — y|| analogously to the first part of the proof.
However, we can show that the claim also holds if [z,y] € U. In this case, we consider z(s) :=
(1 —s)x + sy, s, == min{s € (0,1)|z(s) € U}, s, = max{s € (0,1)|z(s) € OU}, zo = 2(sz),
Yo = 2(sy); these terms are well-defined since OU is at least Lipschitzean. Using that h = 0 on 0U,
one finds [[4(z) — h(y)| < Ia(x) — h(zo) |+ () — h(yo) | < Mi(llz — zoll + ly— yoll) < Myllz—yl.
Therefore, if x # vy,

[z = yll = [¢l[[n(z) = R < [HMflz =yl <z = yl],
a contradiction. Thus, x = y, and F} is injective.

4. Fy: U — Fy(U) is a Cl-diffeomorphism: We use a result known from the lecture Analysis 2, the
local invertibility:

Let U C R? be open, f € CY(U,R?) and Df(xq) be reqular at xo € U. Then there exists
an open set O C R? with xy € O such that

e flo is injective,

e f(O) is open,

o g:=(flo)~" € C*(f(0),R?) and Dyg(y) = (Df(g(y)))~"-

Here, we apply this to each « € U and notice that for |¢| < 7 due to the global injectivity of F} all the
local invers functions g, coincide with F;"* on each set F;(O,). And since Fy(U) = Fy(UpepO,) =
Uzev Fy(Oy), we know that F;! is continuously differentiable on the open set F;(U), which proofs
the claim.

5. Fy(U) = U: Let [t] < 7. We know that U is connected and F;(U) # 0 since U # (. Moreover, F;(U)

is open as we have already seen, and F;(U) is compact since U is compact and F} is continuous.

Furthermore, Fy(U) = F,(U U 9U) = F,(U) U F,(9U) yields
FO)NU = (FU)NU)U (F,0U)NU) = F,U)uU (U NU) = F,U)

and, therefore, F;(U) is relatively open and relatively closed in U. Hence, F3(U) = U and the proof
is complete. ]

Definition 1.4. For ¢t € R define Q,; := F;(Q) and T, := F;(T"), the perturbed domains and manifolds.
Proposition 1.5. Q;, C U, I'; C U, 9Q\I'y = OO\ and Ty is of class CYt for all t € R with |t| < T.

Proof. Let t € R, |t| < 7, then Q = F;(Q) C Fy(U) C U and Ty = F,(T') C F,(U) Cc U. If Q@ = D,
we have 8Qt\Ft = Ft\Ft = F\F = QQ\F, if Q = U, we find GQt\Ft = 8U\Ft =90U = 8Q\F, and if
Q = U\D, one finds 9Q;\I'y = (['; UOU)\I'; = oU = 90\

Since F; € CHY(U,R?) and T is of class C1'!) one can deduce that T; is C™! since the Cl1-
parametrizations of I', ; for i € {1,...,m} with m € N>y, may be transfered to C!-parametrizations
of Ty, Fyon; for i € {1,...,m}. O

Definition 1.6. 1. Let t € R, [¢t| < 7. If E(u,;) = 0 admits a unique solution, then we denote it
by u; : Q; — R! and define u! : Q — R via u? := u; o F}.

2. Fort € R, |t| <7 and u : Q — R! we define
E(u,t):= E(uo F, ', ),
provided the right-hand-side is well-defined.

3. The Eulerian derivative of J at Q in the direction h € C11(U,RY) is defined via

1
dJ(u,Q,T)h = }gr(l) g(J(ut, Q,Ty) — J(u, Q,1)).



4. J is called shape differentiable at 2 if d.J(u,Q,T')h exists for all h € CHY(U,R?) and dJ(u,Q,T) €
L(CHY(U,RY),R).

The main advantage of F in comparison to E is the fact that the solution space of
E(ut, ) =0 (4)
is different for each ¢t € R, since F(u¢, ;) = 0 is a PDE posed on the domain ;. However,
E(ut,t) =0 (5)

is a PDE, which is equivalent to E(u¢, ;) = 0 in the sense that the solutions are related by u’ = u; o F,
respectively u; = u! o F,”*. But in contrast to E(ug, ) = 0, the solution space of E(u’,t) = 0 is the
same for all (sufficiently small) ¢ € R, since E(u’,t) =0 is a PDE defined on the reference domain €.

Remark 1.7. From the definitions above, we conclude the following. Let u: Q — R! be a function, for
which E(u, ) is well-defined. Then E(u,0) = E(uo Fy*, Q) = E(u, Q).

2 Axiomatic Description and Auxiliary Results

Consider the shape functional J(u,Q,T) together with the constraint E(u,{2) as stated in and .
In addition to the assumptions made at the beginning of the first section concerning U, D, {2 and T, we
now state some further assumptions on the functions £ and E and the functionals ji, j2 and j3.

(H1) There exists a Hilbert space X and a function £ € C'(X x (—7,7), X*) such that

o E(u;, Q) = 0 is equivalent to E(ut,t) =0 in X*,
o E(u,0) = E(u,Q) for all u € X.

(H2) There exists a 79 € R, 0 < 79 < 7 such that for all ¢ € R, [t| < 7o there exists a unique solution
ut € X of E(ut,t) = 0. Furthermore, these solutions satisfy

et =l
e O

(H3) Ey(u,Q) € L(X, X™*) satisfies
(E(v,Q) = B(u, Q) = Bu(u,Q)(v — u),¥) x-xx = O(|lv — %)
for all ¢ € X together with u,v € X.
(H4) E and E satisfy

lim 2 (Bt 8) — B, 8)) — (B(ut, Q) — B, Q)), ) xex x = 0

t—0 ¢
for all 1) € X together with the solutions of (2) and (5)), u and u’.
(H5) j; € CYY(RL,R) for all i € {1,2,3}.

The first assumption (H1) requires a certain smoothness of the partial differential equation, which is
assumed to appear in the weak formulation. In this process a function u € X and a parameter t € (—7,7)
are mapped to a functional in X* which can be tested with all functions ¥ € X. The two requirements
below correspond to the idea of transforming the constraint on €2; into one on €2, analogously to Definition
[L6 and Remark

With (H2) a typical assumption on a unique solution of E(u’,t) = 0 for sufficiently small t € (—7, 7)
is made. Moreover, the solutions u! should not only converge to u°® in the X-norm but even ”faster”
than t1/2.

In (H3) a differentiability assumption on FE(u,2) as a function of u is stated. In this case the
possibility of a Taylor-expansion of E(-,) up to first order is required. Besides, this condition cannot



be weakened to o(||v—ul|x) since we will need in the main theorem that the left-hand-side of the equation
divided through [|v — u||% is bounded for [[v —u|x — 0.

(H4) requires that the difference of the two differences, tested with every ¢ € X, in the brackets
converges even ”faster” to zero than ¢. This is mainly a technical assumption which will be used essentially
in the main theorem in the next chapter.

Finally, (H5) states a continuity assumption on all the single functionals appearing in J(u,Q,T).
Nevertheless, this assumption cannot be weakened anymore since we will make use of the Lipschitz-
continuity of ji, i € {1,2,3}, throughout the proofs to come.

Remark 2.1. Further, we assume X < L?(€2,R!) and that every € X admits a trace in L?(I', RY) or
in L2(0Q\T', RY) if j5 # 0 or j3 # 0.

Lemma 2.2. 1. The cost functional J(u,Q,T) is well-defined for all u € X.
2. E(u, Q) = 0 has a unique solution u;, which satisfies uy = ut o F;"*, provided |t| < 9.

Proof. 1. Let u € X and i € {1,2,3}. For i € {2,3} we denote the trace of u on I" respectively OQ\I"
again with u, then u is an L2-function on the corresponding set of definition. Due to (H5), j! is
Lipschitz-continuous with Lipschitz-constant L > 0, hence, there exists a constant C' > 0 such that
for all y € R the following estimate holds; £(y) denotes a point which is a convex combination of
y and O.

i (y) = 3 (0)] + 13 (0)] = 13 (€ () (y — 0)] + 15 (0)| < 7 (€D Hlyll + 15:(0)]
(175 €@)) = g2 O + 17:O) DIyl + 17:(0)] < (LIIE(y) — Ol + 152 0) DIlyll + 15: (0)]
ClylI* + llyll + 1)

15y

INIAIA

Therefore, with z € R!, one finds
i (w(x))] < C(Jlu(@)||* + [lu(@)]| + 1)

and deduces that j;(u(r)) is integrable since u is an L2-function and the corresponding set of
definition is bounded. Thus, the cost functional is well-defined.

2. At first, (H2) implies that E(u’,t) = 0 has a unique solutnion u? for |t| < 7o; then, (H1) yields that
E(ut, Q) = 0 has a unique solutnion u; for |t| < 7. The identity u; = u’ o F; ! is a direct result
of the definition of u’.

O]

Lemma 2.3. There ezists a constant C > 0 such that for all i € {1,2,3} and u,v € X,
Gi(v) = Ji(w) = Gi(w)(v = w) |1 < Cllo —ul%k.

Proof. Due to the Mean-Value-Theorem, there exists a £(x) for every x €  such that ji(v(x)) —
Ji(u(z)) = j1(€(x))(v(z) — u(x)). If L > 0 denotes the Lipschitz-constant of ji, we find

li2(0) = s ) = G50 = 0l = [ 1710) = 0) = )0 = wlda
= [ 1619 - i) - wids < [ Lo uPdo < Ol -l
Q Q

Analogously, one proofs the claim for js and j3, where £ has to be replaced by T" respectively 0Q\I'. [
Notation 2.4. In the sequel, n denotes the outer unit normal vector to 2. Moreover, we use

o T :=[—70,70],

e [, :=det DF;,

o A, :=(DF,)" T,

® Wt = It”Ath



Remark 2.5. For the following proposition, we need the concept of the surface divergence of a function
¢ € CY(U,R%), which is defined as

divar ¢ :=div |y — (Den) - n

where M C U is a submanifold of dimension d — 1 and n denotes the unit normal vector to M.

This definition is similar to that of the intrinsic derivative [Fra97] of a vector-valued function V'
defined on a curve C C M, where M is supposed to be a two-dimensional submanifold of R3. If C is
parametrised by ¢, one defines

oW (VN S () - ()
dt —dt dt’ 71-:1 dat’ ') dt’

together with {e;}1<;<3, the canonical basis of R3. Here, the normal component of dV/dt is subtracted,
hence, VV/dt is the projection of dV/dt onto M.
In a similar way, the surface divergence is defined. If {e;}1<i<q is the canonical basis of R%, then

d

divp p = tr Dy — (D¢n) - n = Z(Dgoei) -e; — (Dyn) - n.
i=1

Thus, it is consistent to define the surface divergence in the form described above.
Proposition 2.6. Let h € CYY(U,R%) and Fy = id +th fort € T. Then
tw Fy e CYT,CYYU,RY), tw F, ' e C(T,CHU,RY)),

te I € CYT,C(D)), tes Ay € O(T,C(U,R¥*?Y)),
t—w € C(T,CT)),

L F)li—o = h, L im0 = —h,

4 DF,|i—o = Dh, S(DF) =0 = £ Al |;—o = —Dh,
%Lﬁ't:O =divh, %wthzo = divr h.

Proof. Throughout the proof, we use the notation ¢, — ¢, for a sequence (t,)neny C T which converges
to a given t, € T.

t— F € CI(T, Cl’l(U7Rd)): t, >t = ||Ftn —F e = |tn — t*|Hh||Cl,1 — 0 and

d  (to + Ab)h — toh
4 Bliey = Jim (to + At)h — toh

=h
At—0 At ’

which is constant and, therefore, also continous in ¢t with respect to the C'''-norm.

t e O(T,CHU,RY): Ft € CH(U,RY) since F is a diffeomorphism on U. Moreover, DF}(y) is
regular for all y € OU, if one considers the continuous extension of DF} to U. This is true because
due to (3) we know that ||I — DF;(y/)|| < C < 1 for all y € U and therefore | — DF(y)|| < C < 1
too. Thus, we may for y € U define F; !(y) :=y and D(F;')(y) := (DF;(y))~', a candidate for
the C'-extension of F; '. Let t € T be fixed, y, — y» with (y,)n C U, y. € OU. Assume

Ft_l(yn) =1 Tn 7 Ys = Ft_l(y*)7

then (), has a subsequence (x,,, )x — 2’ € U\{y.}. If 2’ € U, then y,,, := Fy(x,,) — Fi(2') € U,
a contradiction; and if 2’ € OU\{y.}, then y,, — Fi(z') = 2’, a contradiction, hence, Fle
C(U,R%). Using this, we find

Yn = Yo = F ' (yn) = 4 = DE(F (yn)) = DEF(y2) = D(F; ) (yn) = DF; ) (ys)

as a result of the definition made above; consequently, F; ' € C1(U,R?).



It remains to show that
th >t = F, ' 5 F'in O
For this case, assume first that thl - F;1in € ie.
Je>0YNeNIny >N, yv €U HF,;L (yn) — F; M yw)|| > e
Then there exists a sequence (N ) such that

Yny = Yy TN, ‘= Ft;lvk (yny) 22 €U and  an, .= F_'(yn,) = 2. € U.

In addition, we know that F (z,) — Fi(z) for t, — t and z, — z. All together, we find
|z — x«|| > € > 0 due to the assumption above and that

y = lim yy, = lim F;,  (xn,) = Fi (x) and
k— o0 k—oc0 Nk

y = lim yy, = lim Fy (zn, ) = Fi.(24),
k— o0 k—o0

a contradiction to the injectivity of F;,. In order to show that D(F; ') — D(F;') in C°, we
observe that F, '(y) — F;_'(y) uniformly in y. Again using that DF} (x,) — DFy(z) for ¢, — ¢
and z, — =, one finds that DF; (F; '(y)) — DFy, (F,.'(y)) uniformly in y and hence

(DFtn(Ft;l(y)))71 — (DFt*(Ft:l(y)))*1 uniformly in y.

tes I, € CYT,C(U)): We first need to show that det : R¥*? — R is a C'-function. But since for a
matrix A = (a;;)i; € R4*? the representation

d
det A = Z sign(o) H Ao (k) ke
k=1

ceS,

holds, which consists of sums and products of functions which themselves depend continuously

differentiable on A, the claim follows and I; € C(U).

Now, let t,, — t, then |DFy, — DF}, ||co = |tn — t«|||Dh||co — 0 and, consequently, I; — I;, in
C°. In addition,

d

S ltli=to = (D det(DF,))Dh - where  Ddet(DFy,) € L(RP* R) = RI*4

however, the application of Ddet(DFy,) to Dh is not given by the usual matrix multiplication.
Nevertheless, we have
d

d
Hdt.[th_tn — dtIt‘t:t* = max |(D det(DFtn))Dh(az) — (.D det(DFt*))Dh(:cﬂ

oo zelU
< max|Ddet(DFy,) — Ddet(DFy )| graxa || Dh(z)]|
zelU

- 0
since det € C*(R4*? R). This proves the claim.

tes Ay € O(T,C(U,R¥>)): Ay € O(U,R¥*4) since DF;, inverting and transposing of matrices are
continuous functions. For t, — t,, we know that DF, — DF,_in C° and therefore A;, — A;, in
C° as desired.

t— wy € C(T,C(T)): Since T is of class C11, the vector n continuously depends on x € T, and due to
the continuity of A; and I;, we have w, € C(T"). Now, let ¢, — ¢, then

12, [ Ae,nll = e [ Ae.nll o

< e, = L) A nllllow) + [ e ([Ae,nll = [[Aenl)llemr)

< e, = Lolleal A, nller raxay + [ 2.

— 0

[we, — we, o)

cm (A, — At*)nHC(P,RdXd)

due to the properties of I; and A;.



Calculation of the derivatives: Some of the derivatives can be easily calculated using also the derivative
of the matrix inversion inv : GL,(R) — GL,(R), A+ A~! for which the directional derivative is given
by Dinv(A)§A = —A716AA~! for all 64 € RI¥4,

d _id+hAt—id
gm0 = [fim —— =",
iF—l‘ B Fyl—-Fy' - (id + hAt + o1 (At)) ™! —id
dt 't =0T Ao At N At
— fim id — hAt — Ol(At) + 02 (RAL + 01 (At)) —id
At—0 At
_ 03(hAt + 01 (A1) [|hAE + o1 (AL)]|
= — 1 —
Pt AL T oy (A At B,
d . I+ DhAt—1T
qPhil=0 = fim ——5——=Dh,
d d d
aA?‘tZO = %(DFt)‘Ht:O =71 <dt(DFt)|t_0> I = —Dh.

For a matrix A € R™4 we have Ddet(A4) € L(R?*4 R), hence, D det(A) can be considered as a
matrix again. But the question is, what are the entries in this matrix and how can the application of
Ddet(A) to a matrix h € R?*? be described? The result may be intuitive, but nevertheless, we will
prove it in detail. For this, we claim that for a function f € C1(R%*? R) and matrices A, h € R4*? the
following holds:

9 L& 9
DIA) = (GrfC0lx-a)  and DIA =YD o OOy ©)

ij i=1j=1

Obviously, Df(A)h defines a bounded linear operator on R?*¢ since f is continuously differentiable. To
verify that this bounded linear operator is also the derivative of f at A, we show that

. ) d 4 4
}llli%m f(A—|—h)—f(A)—;;GXUJC(X)\X=AM]’ =0.

We define the following matrices

hi if k<ior (kil&ﬁdlﬁ])

h .= (B where =
()i M 0 otherwise

which are identical to h up to a certain index and zero afterwards. Using the notation h*- for the matrix
which is equal to h* except with a further zero at the ”last” nontrivial entry of A%, we find

1 LAY,
T [ 7w =) = 303 5o rtams | =

=1j=1 i=1 j=1
1 LI - d d g
| 2020 g F A+ A5k = 303 5 (ki
i=1j=1 i=1 j=1
d
9 i 0 R
fA+RY=) — fA) i,
1232_2(5)&7 ( ) 0X; (4) 2



since the second factor in every summand is bounded while the first converges to zero.
If we apply this to the C'-function det : R%*% — R, we have to calculate the partial derivative of det
with respect to every matrix entry. But using the Laplace-formula, one finds

Ddet(A) = (8)(2' det(X)|X—A> = ((—1)"4,)..

ij
ij

)

where 6;; is the determinant of the matrix A without row ¢ and column j. Now, the remaining derivatives
can be easily calculated, but we shall use the symbol - to denote the sum over the componentwise product
of two matrices, just in analogy to the representation in (@

d d

Sllizo = Ddet(DFii=o) - = DFift =0 = Ddet(l) - Dh =1 - Dh = divh,
Lindico = (L) [ Amlcoll + Lo P 1o (L)) n =

dt t|1t=0 — dt t|t=0 t t=0 t1t=0 ||Atn|| t=0 dt t|t=0 —

div h|p 4+ n* (—=(Dh)T)n = divy h.

Finally, the proof of the proposition is finished. O

Remark 2.7. The above calculations also show that each derivative exists uniformly in , i.e. there is
no explicit dependence on the spatial variable x € U.

Corollary 2.8. There exist constants o, f > 0 such that
a<Ii(z)<pB
forallt €T andx € U.

Proof. Io(x) =1 for all z € U and I;(z) # 0 for all z € U and ¢ € T since DF,(x) is regular for those ¢
and x. Due to Proposition the function [; continuously depends on the parameter ¢; therefore, the
claim follows from the compactness of U and T . O

3 The Shape Derivative

Lemma 3.1. 1. Let ¢, € L'(), then p, 0 F;, € LY(Q) and
/ prdxy = / pro Fy det DF; dx.
Q Q

2. Let ¢, € LY(T'y), then ¢ o Fy € LY(T) and

dly :/¢toFt det DF, ||(DF,)"Tn| dT.
I'; T

Proof. 1. This is a well-known result of advanced analysis. A proof can be found in [Jos05|.

2. In the following, the main steps of the proof are described which is presented in [IKPb]. We start
with an arbitrary d — 1-dimensional submanifold M C R? and a set U C M open in M which is
parametrized via ¢ : S — U with § € R4"! open. Similar to the first statement of the Lemma, a
function f : M — R with supp f C U is integrable over U if f o ¢ (det(Dyp” Dy))'/? is integrable
over S and thus

Uf(l’)dM = /S(fO<P)(t)(det(D<ﬂ(r)TD<P(x)))1/2df
is well-defined.

Furthermore, a technical result is necessary stating the following. Let X := (21, ...,74_1) € R4*4-1
be a matrix with linearly independent columns, then n € R? defined via

ng := (—1)""tdet X (1),



where X (1) € R¥1%4=1 is the matrix X without row i, is orthogonal to the hyperplane spanned
by x4, ..., x4—1; moreover,
In]| = (det(X"X))"/>.

The orthogonality of n to all the vectors x;, i € {1,...,d — 1} is clear, since for an i € {1,...,d — 1}

the inner product
d

(n,m) = Znixu = det(X,xl) =0.

i=1

This is a consequence of the Laplace-formula and the fact that z; appears twice as a column in
(X, z;). The more difficult part is for sure the representation of the norm of n, equivalently, this
reads

d
3 det(X (1) X (7)) = det(X7X).

For a proof of this claim see [Mun91]. We shall now use this result and focus on the special situation
in the statement we want to show.

By the assumption stated at the beginning of Section 1, I' = 9D is the CY1-boundary of a domain
D satisfying D C U. Hence, one finds sets O, ...,0,, C R? which are open in R% and cover T,
together with C'*!-diffeomorphisms c1, ..., ¢, ¢; : O; — B(0, 1) such that

ci(DNO;)={x € B(0,1) |z, <0} and ¢(IT'NO;)={xe B(0,1) |z, =0}.

So, the d — 1-dimensional manifold T' is locally transformed into the unit sphere Sy := {2’ €
R~ | ||2’|| < 1} in R4 considered as a subset of the d-dimensional unit sphere. Now, we know
that each ¢; has a C1'l-inverse function h;, which we further restrict to {z € B(0,1) | z,, = 0} and
denote it then with ;. Consequently, the functions h; : So — T'N O; define local patches of T
thus, the compositions F; o h; : Sg — Fi(I') N F3(O;) define local pathches of T;.

Now, if the transformation rule is proven for any ; with supp ¢y C F3(I')NF;(O;) and i arbitrarily,
then the proof is finished, since one can choose an appropriate partition of unity and apply the
result to each Fy(T') N F3(O;). Consequently, we consider from now on only one of these patches
and omit the index i, according to [IKPD].

We define the function n via
fioh := (det Dh)(Dh) Teq: {x € B(0,1) | z, = 0} — R?

and find that _ R
(Roh); = (=1)"""det(Dy h(i))

due to the representation of the inverse of a matrix. Using the auxiliary result from above, we
conclude that 7 o h is orthogonal to I' with norm

(det(Dy AT Dyrh))Y? = ||iv o h|| = | det Dh| ||(Dh)~Teq]| - (7)
Moreover, by definition of 7 o h, we deduce
D(Fyoh)™Teq = ((DF,oh)Dh) " eqa= ((DF)™T oh) (Dh) ey

= ((DFy)"" oh)(det Dh)~'(fvoh)

= (det Dh)~' (((DFy)~"n) o h) (||f1] o h);
here n denotes the exterior unit normal of I' = 0D. We may assume that 72 o h is a normal vector
pointing to the exterior of D, otherwise one can replace n o h by —n o h, which yieds the same

result in the above calculation. In the following, we collect these preparations and start with the
definition of the surface integral; in addition, we replace h by F; o h in equation and make use
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of Corollary All together, we find

- 1/2

Gi(z)dl, = | o (F oh) (det (Dm/(Ft o )T Dy (F; o h))) dz’
T So
= ¥t o (Fy o h)| det(D(F; o h))|||(D(Fy o b)) Teq|| da’
So
= ¥y o (Fy o h)| det((DE; o h)Dh)||det(Dh)| " [|[(DE,)""n|| o h|@t]| o hdz’
So
= ¥t o (Fy o h) det(DF; o h) || (DF;)~"n| o hii|| o hda’
So
- - - \1/2
- / (b 0 Fy) o hdet(DF,) o h || (DF,)""n| o h (det(Dx,hTDz,h)) da’
So
_ /z/}t o Fy det(DF,) ||(DF,)~Tn)| dr,
I
which finishes the proof. O

Theorem 3.2. Let (H1) - (H5) be true and assume that the adjoint equation

(Eu(u, Q1 p)x-xx = (J1(u), ¥)a — (2(u),¥)r — (Js(u), ¥)oerr =0, ¢ € X (®)

has a unique solution p € X, with u the solution of @
Then the Eulerian derivative of J at Q in the direction h, dJ(u,Q,T)h, exists and

d
dJ(u,Q,T)h = —%(E(u,t),p)x*xxh:o + / J1(u)divh dx + / Jo(u)divr h ds.
Q r

Proof. At first, (H2) implies that there exist unique solutions u! € X and u € X to E(uf,t) = 0
respectively E(u,Q) = 0 for all t € T. Thus, u; = u' o F;! satisfies E(uy,Q;) = 0. The idea is now to
apply Lemma [3.1] and to add and subtract appropriate terms in a useful way. This reads

%(J(uhﬂt,rt) — J(u,Q,T)) o)
= 1 [ it =)o+ [ (wiatet) = datwpas + [ o U0) = da(w)ds
- % /Q(It(jl(“t) = Ju(u) = () (' = w) + (I = D1 (w)(u =) + 71 () (u" = ) + (I = 1)ji(u))dx
b [ ~ o) 5000 0) + o~ DB ) + B ) + G s
+ % /m\g(is(ut) — jal(u) — j4 () (ut —u)) + jb(u)(ul — u))ds,

where the integrals over OOQ\I' do not need a transformation since 9 \I'y = OQ\I" per construction.
As a result of Proposition the functions I; and w; are bounded for each t € T, hence, there exist
constants ¢, ca > 0 such that I;(z) < ¢; and wy < ¢g for all z € Q, y € T, t € T. Therefore, Lemma
yields the following estimates with a generic constant ¢ > 0 for each inequality independent of ¢.

/ LG () — 1 (w) — F ()t —w)dz| < e / l72ut) — 1 (0) — 7) (! — )| dr < el — uk
Q Q

[ wialat) = o) = st = w)ds| < e [ Jia(u) = datw) ~ Gyt )| de < et~ ul,
N I

/ Gs(ut) — ja(w) — (u)(ut —w)dz| < clu’ — ulk. (10)
SO\T
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We further use the adjoint equation and the adjoint state p together with the fact that E(ut,t) =
E(u,0) =0 in X* to find

(r(w),u' —u)a  +  (a(u),u’ —w)r + (J5(w), v’ —waorr = (Eu(u, Q)(u’ —u),p)x-xx  (11)
—~(E(u',Q) = E(u,Q) — Ey(u, Q)(u" —u),p)x-xx

(E(ut,t) — BE(u,t) — E(u*,Q) + E(u, Q), p) x+x x
— (E(u,t) — E(u,0),p) x-xx-

Now, we use the assumptions (H1) - (H4) and Propositionto estimate the ten summands appearing
at the end of equations @ In detail, the terms one, five and nine converge to zero due to equations

and (H2) since

t_ 2 t_ 2
lim 70”11 UHX =c|( lim 7‘“& ullx =0.
t—0 t t—0 t1/2

Similarly, the terms two and six converge to zero as a result of Proposition and (H2) as

(1 = 1)1 (u) (u — w)

. o t o
}51% " = divh ji(u )hn(l)(u u)=0 and
o (we=1)js (U)(U L O T S

}1_{% = divrh jj(u) %L{%(u —u) = 0.

The terms four and eight establish the two integrals in the final formula because Proposition [2.6] yields

limM = divh j1(u) and

t—0 t

_]_ )
fim (T2 g,
t—0 t

Finally, the remaining terms three, seven and ten sum up to the last part of equations divided
through ¢. As a consequence of (H3),

1
lim ;<E(ut, Q) — E(u, Q) — By(u, Q)(u' —u),p)xrxx =
n
tim (L (B0, 9) — B, 9) — By, ) — ) p)xeex L) —
=0 \ [lut — ul|% ’ ’ x t

since the first part of the product is bounded and the second part converges to zero due to (H2). In
addition,

tim £ (B(u' 1) — Blu, 1) — B(u', 9) + B(u,2),p) x-x =0

t—0

as an immediate consequence of assumption (H4). Thus, the only nontrivial part coming from equations
is the negative of the derivative of E with respect to the variable ¢, which results in

N . . d -
lim — ((1(u), u' —w)o + (ja(u), u’ —u)r + (j3(u), v’ —w)so\r) = — g B 1), D) x- X [e=0-
This shows the desired representation of the derivative of J and completes the proof. O

Remark 3.3. A closer look at the proof of Theorem shows that the assumption (H1) is not used in
its full strength; a weaker formulation containing only the necessary parts reads as follows.

(H1’) There exists a Hilbert space X and a function E : X x (—7,7) — X* such that

e With u and p the solutions of equation respectively equation the following holds.
— v = (E(v,0),p)x+xx is differentiable at v = u,
— t = (E(u,t),p)x-xx is differentiable at ¢ = 0.
o E(u, Q) = 0 is equivalent to E(ut,t) =0 in X*
E(u,0) = E(u,Q) for all u € X.
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We additionally introduce the following assumption.

(H6) For every f € X*, the linearized equation

<E’u,(an)p7w>X*><X:<.f71/)>X*><X7 U)GX
has a unique solution p € X, provided equation admits a unique solution u.

Proposition 3.4. If equation (3) has a unique solution v and both (H1) and (H6) hold, then (H2) holds.

Proof. Together with u, the unique solution of E(u,Q) = E(u,0) = 0, we find at first that
Ey(u,0) = Ey(u,Q)

since E(v,0) = E(v,Q) for all v € X. (H6) now yields that E,(u,Q) is bijective and, hence, E,(u,0)
is bijective. We now have three Banach-spaces X, X* and R, an open subset X x (—7,7) of X x R,
a continuously differentiable function E : X x (—7,7) — X* and an element (u,0) € X x (—,7) such
that E(u,0) = 0 and E,(u,0) € £(X,X*) is an isomorphism between X and X*. The latter is true
due to the theorem about the continuous inverse stating that the inverse of a bijective bounded linear
operator between Banach spaces is also a bounded linear operator. Hence, the generalized implicit
function theorem [Jos05] can be applied and one finds that there exist neighbourhoods U C X of u and
(=70,70) C (—7,7) of 0 and a differentiable function g : (—79,79) — U such that

E(g(t),t) =0 for all te (—70,70).

Moreover, g(t) is the only solution of E(uf,t) = 0 in U for all t € (=79, 7). Therefore, there exists a
unique solution u' := g(t) € U for || < 79, which satisfies

lu" = u®llx = llg(t) = 9(0)|x = [[DG(0)¢ + o(t)] x-

Consequently,
ul —ud o(t
0< Hﬂ#\lx < 1Dg(0)] £ x)t'? + ||¥th1/2 —0 for t—0
" Ju* = ]
et =[x
w0
which also shows the convergence of u! in the sense stated in (H2). O

Lemma 3.5. Let U have a C'-boundary, then the following assertions are true.
1. Ifue LP(U), then t — uo F; ' € C(T, LP(U)) for all 1 < p < oo.
2. If u € H*(U), then uo F,* € H*(U). Moreover,

%(UOFt_l)h:o = —(Du)h exists in H*(U) and
i(D(qut_l))h:O = —D((Du)h) exists in L*(U).

dt

Proof. Below, we will use several times that Ft_1 is a C'-diffeomorphism on U for every fixed ¢t € T and
also that ¢t — F, ' € C(T,CY(U,R%)).

1. As a result of Lemma uP € LY(U) implies uP o F; ' € L' (U), hence uo F; ' € LP(U). In order
to prove the continuous dependence of uwo F; ' on t in LP(U), we show the following:

Ve>036>0Vs,teT |t—s| <8 = |luoF, ' —uoF, o) <e

We know there exists a sequence (), C C(U) with w,, — u in LP(U) [Jos05]. Now, choose
€ > 0 arbitrarily and m € N such that ||u — wp| @) < €. Since u,, is uniformly continuous,
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[um () — um(y)| < € if || —y|| < 6 where 6 = d(¢) > 0. In addition, ¢ — F;~1 is uniformly
continuous on the compact interval 7, hence, there exists a § > 0 such that || F;~1—F;! lo@wrey <0
if [t — s| < 6 with t,s € T. Thus, using also Corollary and Lemma one deduces for t,s € T
with |t — s| < 0 that

||U o Ft_l — UOo Fs_l HL})(U)

< luo Bt —ug o Ft_1||LP(U) + [ © FyH =t 0 F;1||LP(U) + w0 Fyt —uo FngLl’(U)

1/p 1/p 1/p
(/ u— um|pItdx> + (/ lum (F1) — um(FS_1)|pda:> + (/ u— umplsdx)
Q Q Q

1/p 1/p 1/p
< (,B/ |uum|pdx> + (/ epdx) + (,B/ |uum|pdx>
Q Q Q
BYPllw = | o) + €|l + 8P|l = wm | Lo 0y
< (287 + Q)

which proves the claim.

2. First, we show that for f € H(U) and g € C%1(U) the product satisfies fg € H*(U). Since g is
Lipschitz-continuous on U, which has also a C''-boundary, we know that g € W1>°(U) [Eval0].
Therefore,

/Q (F9)2dz < 112 ron 192 e oy < 00,

| a?ae= [(rofdeez [ rogdns [ (oo

< N 122w llgll o @y + 20 F 2@ 1 2@ gl zoe @ llg" | o 0y + 1 12 @0y 19 17 1)
< ©oQ.

Additionally, on can use a result from [KJF77] which states the following:
Let G,0 C R"™ be bounded and open and let T : G — O be surjective with
dllz =yl < IT(2) = T(y)ll < cllz -yl
for all x,y € G with constants ¢,d > 0. Then
ue H (O)=uoT € H'(G).

Since F; ' : U — U satisfies the above conditions, we deduce that for all v € H'(U) the composition
vo F' € H'(U) is in the same space.

Now, let u € H?(U), then Du € H'(U,R?%), hence Du(F; ') € H'(U,R?%) and (Du(F; *))D(F;—1) €
H'(U,R?) due to the fact that F, ' € CV1(U,R?) and, consequently, D(F, ') € CO1(U,R¥*9).
For sure, the result from |[KJF77| can be applied to each component of vector- or matrix-valued
function. All toghether, one concludes that

D(uo F, ) = Du(F,Y)D(F, 1) € HY(U)

and, therefore, u o F; ! € H?(U).
In order to show the remaining two identities, we follow the proof of an even more general result

given in [IKPb|]. At the beginning, we show that

(wo Fy M (z) — u(z) = —t/o Du(x + sth(z))h(x)ds (12)
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in L2(U) where h € CYY(U,R%), hlsy = 0 and F; = id + th. Since C°>°(U) is dense in H*(U) with
respect to the H?-norm, there exists a ue € C°°(U) with ||u — ue|| g2y < €. Then one finds

1
uo F,t —u—|—t/ Du(- + sth)hds
0

< lwo Fyt = ue o Fy | 2wy + llue — ull L2y
L2(U)

1
4+ Juco Ft —ue + t/ Duc (- + sth)hds
0

L2(U)

1
+ t/ [[Due(- + sth) — Du(- + sth)||ds
0 L2

2|l Los () — 0O
U)

for ¢ — 0. This is true since the first two terms tend to zero due to the assumption and Lemma
The third term is zero anyway and the fourth term converges to zero due to the assumption
and the boundedness of U. Using this expansion for the function u, we find

Hi (wo F; ' —u) + (Du)h

// |Du (z + sth(x)) — Du(z)|?|h(z)|*dsdz — 0
L2(U)

for t — 0 using the first part of this lemma and the dominated convergence theorem together with
the boundedness of U. Hence, t — u o F; ! is differentiable at t = 0 in L?(U) with derivative
—(Du)h. In order to show that —(Du)h is also the derivative with respect to the H!-topology,
we have to show the corresponding convergence also for the weak derivatives in the L?(U)-norm.
For this case, we calculate the weak derivative of the right- (and hence left-) hand-side of equation
7 where we use integration by parts and the theorem of Fubini. Let ¢ € C§°(U), then

) 1
<8wi /0 Du(-+ sth)hd5,4p>

= 7/ 01 Du(z + sth(x))h(z)ds

1
o(z)dx = —/0 /QDu(x + sth(z))h(x) aa o(x)dxds =

Ga:i i
d d 9
- / / ;;axfan u(z + sth(z)) (5zj+staa by ( )> ()
d
+ (Z %u(m + sth(x))aihk(x)> o(z)dzds =
k 7

/ / 2)" D*u(z + sth(z))(I + stDh(z)); + Du(z + sth(z))(Dh(z));) ¢(z)dzds

/ / z)" D*u(z + sth(z))(I + stDh(z)); + Du(z + sth(z))(Dh(z));) dsp(z)dz

</ (K" D?u(- + sth)(I + stDh); + Du(- + sth)(Dh);) ds, <p> .
0

Using this weak derivative, we deduce analogously to above that

2

HD (1(u oF7t —w) + (Du)h)

L2(U)

/ / | = h(z)T D?u(x + sth(z))(I + stDh(z)) — Du(z + sth(z))Dh(z)
+  h(z)TD*u(z) + Du(z)Dh(x)|*dsdx

<

/Q /0 [h(z)" (D*u(z + sth(z))(I + stDh(z)) — D*u(z)) ||*dsdz

IN

+ /Q /0 | (Du(x + sth(z)) — Du(z)) Dh(z)|/*dsdz — 0

15



for t — 0 again using the first part of the lemma and the dominated convergence theorem.
The last assertion stated in the lemma is an immediate consequence of the calculations above, since

2 2

—0
L2(U)

H C(D(u o F7Yy — Du) + D((Du)h))

— HD (1(11 oF7 !t —u) + (Du)h)

L2(U)
which shows that —D((Du)h) is the desired derivative with respect to the L2-topology. O
Lemma 3.6. 1. Let f € C(T,WHY(U)) and assume that f;(0) exists in L*(U), then

dt f(tm)dmt\t 0—/ft0xdx+/f0xh ndl.

2. Let f € O(T,W2>Y(U)) and assume that f;(0) exists in WH1(U), then

d
f(t x)dl|i=p = / fi(0,x dI‘Jr/ if(O,:E)+/<;f(O,x) h - ndl,
dt on
where k denotes the additive curvature of I, i.e. the sum of the d — 1 principal curvatures of T.

Proof. Below we will present the main steps of the proof given in [Pei06].

1. One starts with inserting some useful terms in the following difference quotient which results in

1( [ stz - / f(O,x)dx) -1 / (Lf(t, Fy()) - £(0,2))da

t

= [ A R@) e+ [ (e R@) - ()
/ftx fO,x)de =: Xo + Yy + Z;

Now, we show that

}E%Xt = /Qf(O,x)divh dx

via considering that the difference

‘Xt / f(0,z)divh dx

ACr

max
e

Mt Fie) ) da| +

‘/ £t Fu(@)) — £(0,2)) div h da

% — div h(z)

IN

f(t, Fy(z))|dx + max | div h(z)| / |f(t, Fy(z)) — f(0,2)|de — 0
Q z€$ Q

for t — 0 due to Proposition and the fact that t — f(t, Fi(+)) = f(t) o Fy € C(T, L*(U)), for
details see [Pei06]. We next show that

tli_r>r(1)Yt:/QDf(07x)h(x)d;E.
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For this case we apply the integral-mean-value-theorem to find

Yt—/QDf(O,x)h(x) da

-/ ( / Dfta + s(la) — o) PO =T Df<o,x>h<x>) da

/9/01 Df(t,z + s(Fy(x) — 2))ds (Ft(“”t)_x - h(ac)) do

+ /Q/O (Df(t,z+ s(Fy(x) — 7)) — Df(0,2)) dsh(z)dx

Fi(x) —x

IN

< max
e

+ max @] [ [ 1D5(ta 4 s(File) = ) = DIO.2) dsde 0

~ h(z) /0/Q\|Df(t,x+s(Ft(x)—x))deds

for t — 0 due to Proposition and an additional result stating that ¢t — Df(t,z + s(Fi(z) —
r)) € C(T,LY(U)) for all s € [0,1] and that {Df(t,z + s(Fi(z) — x)) | s € [0,1]} is uniformly
equicontinuous. For further details see again |[Pei06]. Finally, we have

%L%Zt:/gft(o,x)dx

as a direct consequence of the existence of f;(0) in L*(U), which is assumed to hold. Now, we
observe that

/Qf(O,x) div h d:v—i—/QDf(O,x)h(x)dx:/Qdiv(f(o,x)h)dx:/Ff(O,x)h-ndF

where we used the Stokes formula [DZ11], which is applicable since I is of class C1'! and thus, in
particular, Lipschitzean. Combining the results obtained above yields the desired transformation
formula.

. Similar to the first part, we rearrange the difference quotient which gives

1 1
([ sty [ ro.mar) = 1 [t £ - 0,00
Wy — 1 1
| B Ranar + 1 [ (e Ri@) = 1oy
+ 1 [U) = 502N = X +Yi+ 2
tJr

The first term results in
,}E%Xt = /Ff(07x) divp h dI’

as a consequence of

‘Xt —/f(O,x) divr h dl“‘
T

we — 1 ) .
< /F ( - — divp h)f(t,Ft(x)> dl“‘ + ‘/F(f(t,Ft(:c)) — £(0,z))divp b dF‘
< max % — divr h(x) /Flf(t,Ft(x))|dr+g135<|divr h(x)|/r|f(t7Ft(x)) — £(0,2)|dr

Using the fact that t — f(t, Fy(+)) = f(t) o Fy € O(T,WH1(U)) |Pei06], the trace theorem yields
that the mapping
te f(t Fi() = f(t) o Fy € C(T, LY(T)).
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Consequently,
‘Xt — / f(0,2)divp h df‘ —0
r
since || f(t, Ft(x)) — f(0,2)|[z1 () — 0 and || f(¢, Fi(z))| 1 (r) is bounded for ¢ — 0. Next, we prove
limY; = / Df(0,z)h(x)dr.
t—0 r
Therefore, consider the estimate
Y: f/Df(O,x)h(x) df‘
r
1 _
- / (/ Df(t,x + s(Fy(x) — :E))st - Df(O,:z:)h(z)) dF‘
r \Jo

/F/01 Df(t,x + s(Fy(z) — x))ds (Ff(xt)x - h(a:)) dF’

IN

1
+ /1“/0 (Df(t,x + s(Fi(x) — x)) Df(O,z))dsh(z)dF‘

< max|FH®) -2

zel B h(x)

1
/ /IIDf(t,Hs(Ft(a:)—z))||drds
0 Q

1
+ maxlh@l [ [ 1D+ s(Fi(o) - 2)) = DFO.0)]dsdr

Applying once more that ¢t — Df(t,z + s(Fy(x) — z)) € C(T,WHY(U)) for all s € [0,1] and that
{Df(t,x+ s(Fy(z) —x)) | s € [0,1]} is uniformly equicontinuous [Pei06], the trace theorem results
in

Y, —/FDf(O,x)h(a:) dl" S0

since ||[Df(t,z +s(Fi(z) —x)) = Df(0,2)| vy — 0 and || D f(t, z + s(Fy(x) — x))||L1(ry is bounded
for t — 0. As a consequence of the assumed existence of f;(0) in WH(U), we know that f;(0)
exists in L!(T") due to the trace theorem and, therefore,

T

t—0

So far, we have

d

G L St = /F (£(0,2) dive h(z) + DF(0,2)h(z))dl + /F £:(0,2)dr.

Moreover, we know that the tangential derivative, respectively divergence, is defined as
9]
Drf=(Df)r — 8—‘70717 divph = (divh)r — (Dh)n - n
n
and that the Green formula [DZ11] holds,

/(f divr h + (Drf)h)dl = / frh-ndl.
r r

Thus,
d d
7 . f(t,2)dl|i=0 = /F(f(oai’?) divr h(x)—l—Dpf(O,x)h(x)—i—afihm)df—&-/rft(ovx)dr
0
= /F(fnh~n+aihn)dI‘Jr/Fft(O,x)dI‘
- /ft(o,x>dr+/ <8f(0,sc)+nf(0,x))h-ndl“
T T on
which proves the claim. O
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4 An Example

Let us investigate the following problem. Given a bounded C''-domain D C R?, we consider a certain
heat-distribution ug defined on R?® which we take as the initial value for the heat-equation at the time
t = 0. The heat-distribution u(¢,z) with t > 0 and x € R? can thus be directly calculated using ug and
the heat-kernel. The task is now to determine the ”total heat” contained in D at the time ¢ = 1 and to
find a representation for its dependence on the domain D.

In the framework of the last sections, we therefore have Q = D and ' = 9€; besides, U C R? may
be any bounded domain satisfying D C U. Moreover, we choose X = L%(Q), although the solutions to
the heat-equation are of class C*°(R?) for any fixed ¢ > 0. For our situation we define

1 if zeD
uo () :{

0 otherwise

as the initial heat-distribution. Furthermore, the shape functional is given by

J(u, ) ::/Qudx

subject to

=0.

B =u- g [

In this case, E(u, ) represents an explicit formula for the state u but, nevertheless, one can treat this
constraint in the same way as we did in the last sections. In order to obtain an explicit representation
of E(ul,t), we do the following transformations for any 1 € X; := L2().

(E(ut, Q) i) xpxx, = /Qt up(24) e (@) dry — OV /Qt /m
/Q K (ee)u(en)doe = 5 /Q t / S ROS V(€ dEdar
w(F@) (P he)ds = 5= | / O (R (@) L) T(2)dgda

W@t @hds - 5o [ | S @ @ R
= (E(u,1),9") x xx-

(w¢)dEpdy

:a\o\

We further have to ensure that the assumptions (H1) - (H5) from the axiomatic description hold.

For (H1) observe that X is a Hilbert space and E(uf,t) is C' in both arguments due to the C'-
smoothness of F} and I; in the parameter t. In addition, E(uy, ) = 0 is equivalent to E(ut,t) =0 and
E(u,0) = E(u,Q) for all u € X are direct consequences of the definition of F and E.

Per construction, E(u, ) = 0 has trivially a unique solution u; moreover, (H6) is satisfied since

E,(u,Q)éu = (du, )q

implies that (E,(u, Q)0u,¥)x-xx = (f,¥)x~xx with ¢ € X has a unique solution du € X for every
f € X*. Consequently, (H2) holds due to Proposition

The assumption (H3) is trivially satisfied since E(v,Q) — E(u,Q) — Ey(u,Q)(v —u) =0 in X*.

Let ¥ € X, then

HUB(0) = Bw.0) = (B(01.9) = B @), 0)x-cx]

_ % ( /Q (uf — w)pldz — /Q (ut —u)i/)dx>‘ _

t I —1

U —u
$1/2 t1/2

/ u = (I, — 1)dz
Q t

IN

19l L2y = 0
Lo (Q)

L2(Q)
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due to (H2) and Proposition 2.6] Hence, (H4) holds.
Finally, (H5) is true since j; = id € C**(R,R). In addition, the adjoint equation

(Eu(u, D, p)xexx = (j1(u),¥)a, ¢ €X

which explicitly reads

/szpdx:/ﬂwdx, peX

admits the unique solution p(z) = 1 with = € Q since E, (u,Q)ou = (du,-)q and j1 = id.

Therefore, all assumptions made in Theorem are satisfied and we know that the shape derivative
of J at the "point” ) exists in every ”direction” h € C*!(U,R%). In order to apply Theorem7 let us
first do the following calculation, where we consider the solution u and the adjoint state p as elements
of L2(U). As w is a C*°-function on U and p is constant on Q, there are no difficulties with such an
extension.

d -~
@<E(U7t),P>X*xX|t=o
= ([ e o - 5= [ e ) |
= Qtutxtptxt Tt 2\/7?Qf,Qte p\Ly (Tt taT¢ | [t=0
d _1 1 _(gp—zp)?
= @ </Qt U(Ft (J?t))dl‘t — 2\/77_(_/91: /Qte détdil’t) |t=0
= /Du(—h)dx+/uh-ndF
Q r
1 d (&g —ap)? (6-=2)?
_ i T dE L ) d T3 dé|h-ndl
v L (G st )ao [[([ e ae) nar)
= Du(fh)der/uh'ndF
Q r
1

(£-2)2 (6—2)2
- — Odf—i—/e_ 1 h-ndF)dw—i—/(/e_ 1 df)h-ndf)
2\/1 /Q /Q r r \Jo

1 )2 )2
Du(—h)dx+/uh-ndf—(//e_(sfl) h-ndrdx+//e—“4) dgh-ndr>
Q r 2vm \Ja Jr rJo

= Du(—h)dw+/uh-ndF—/uh-ndF—/uh-ndF
Q r r r

/ Du(—h)dx—/uh-ndF.
Q r

Here we used Lemma |3.6] and the theorem of Fubini, which is applicable due to the smoothness and
boundedness of 2 and the integrability of the objective function. In detail, one uses the definition of the
boundary integral and concludes for each local C'!-diffeomorphism ¢ : § — U with S € R%! open and
U C T open that

_(g==2)? _le(s)=)? T 1/2
e~ * h-ndldx = e T h-n(det(Dy* Dy))"/“dsdx
QJT QJs

_ (p(s)—m)? T 1/2 _(e-2)?
= e T h-ndx(det(Dy" D)) /*ds = e~ % h-ndxdl.
S JQ rJQ

Finally, we find the representation for the Eulerian derivative, which is given by

d . .
dJ(u,Qh = _%<E(uat)vp>X*><X|t:0+/]1(U)d1Vhdx
Q

/Q ((Du)h 4+ udiv h) dx + /

uh - ndl’ = / (div(uh)) dz + / uh - ndl’
r Q r
2/ uh - ndl.

r
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